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Finite element methodAbstract In this paper, we have presented MHD natural convection boundary layer flow, heat and
mass transfer characteristics of nanofluid through porous media over a vertical cone influenced by
different aspects of nanoparticles such as size, shape, type of nanoparticles and type of the base fluid
and working temperature of base fluid. To increase the physical significance of the problem, we
have taken dynamic viscosity and thermal conductivity as the functions of local volume fraction
of nanoparticles. The drift-flux model of nanofluids, Brownian motion, thermophoresis, and
enhancement ratio parameters are also considered in the present analysis. The influence of non-
dimensional parameters such as magnetic field (M), buoyancy ratio parameter (Nr), conductivity
parameter (Nc), viscosity parameter (Nv), Brownian motion parameter (Nb), thermophoresis
parameter (Nt), Lewis number (Le) on velocity, temperature and volume fraction of nanoparticles
in the boundary layer region is examined in detail. Furthermore the impact of these parameters on
local Nusselt number (Nux) and enhancement ratio
hnf
hbf
 
is also investigated. The results of present
study reveal that significant natural convection heat transfer enhancement is noticed as the size of
nanoparticles decreases. Moreover, type of the nanoparticles and type of the base fluid also
influenced the natural convection heat transfer.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Nomenclature
A1 density ratio (qbf/qnf)
A2 heat capacity ratio (qcbf/qcnf)
c specific heat in constant pressure (J/kg K)
DB Brownian diffusion coefficient (m
2/s)
DT thermophoretic diffusion coefficient (m
2/s)
f dimensionless stream function
g gravitational acceleration (m/s2)
jp drift flux of nanoparticles
k thermal conductivity coefficient (W/m K)
Kl Porous parameter
Le Lewis number
M magnetic parameter
Nb Brownian motion parameter
Nc conductivity parameter
Nr Buoyancy ratio
Nt thermophoresis parameter
Nu Nusselt number
Nv viscosity parameter
P pressure (Pa)
Pr Prandtl number
Ra Rayleigh number
S Rescaled nanoparticle volume fraction
T temperature (C)
u velocity component in x-direction (m/s)
v velocity component in y-direction (m/s)
x Cartesian coordinate in horizontal direction (m)
y Cartesian coordinate in vertical direction (m)
Greek symbols
a thermal diffusivity (m2/s)
b thermal expansion coefficient (1/K)
g dimensionless distance
q density (kg/m3)
h non dimensional temperature
/ volume fraction of nanoparticles
l thermal viscosity (kg s/m)
w stream function
Subscript
bf base fluid
nf nanofluid
p nanoparticles
1 outside the boundary layer
Superscript
0 differentiation respect to g
332 P. Sudarsana Reddy, A.J. ChamkhaContents
1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
2. Mathematical formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 334
3. Numerical method of solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335
4. Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335
5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 340
Acknowledgment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 340
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3401. Introduction
Natural convection flow, heat and mass transfer through por-
ous medium over curved bodies has been attracted a much
attention in recent years because of its enhanced physical
and chemical properties. Nanofluids have wide range of appli-
cations in civil, mechanical and chemical engineering, thermal
energy storage devices, heat exchangers, ground water systems,
electronic cooling, boilers, heat loss from piping, crude oil
extraction, etc. Spherical geometries, cones, cylinders, ellipses,
wavy channels, and torus geometries are some examples of
curved bodies. Good number of experimental and theoretical
studies on transport phenomena over cylindrical bodies has
been reported in the literature. All these studies are mainly
focused on flow, heat and mass transfer characteristics of the
commonly used base fluids such as water, ethylene glycol,
and oil. A nanofluid is a fluid containing small volumetric
quantities of nanometer-sized (smaller than 100 nm) particles,called nanoparticles or nanofibers. Nanofluids are the emerg-
ing composites consisting of nanoparticles or nanofibers dis-
persed in the conventional heat transfer base fluids such as
water, ethylene glycol, toluene, and engine oil. The presence
of nanoparticles in the base fluid may increase the thermal con-
ductivity of the base fluid, and therefore it is predicted to
improve the natural convection heat transfer of nanofluid with
regard to the base fluid [1]. Khanafer and Vafai [2] have per-
ceived that thermal conductivity and dynamic viscosity are
very important thermo-physical properties of nanofluids and
significantly influenced the convective heat transfer perfor-
mance of nanofluids. In addition, they [2] also found that the
thermal conductivity and dynamic viscosity of nanofluids are
powerfully dependent on the nanoparticle volume fraction
and rises as the values of nanoparticle volume fraction
increase. Several authors, Kakac and Pramuanjaroenkij [3],
Kleinstreuer and Feng [4], Ozerink et al. [5], Sundar et al.
[6], and Wang and Mujumdar [7] have reported in their
Figure 1 Physical model and coordinate system.
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viscosity of nanofluids are functions of the size, shape, type of
nanoparticles as well as the type of base fluid and working tem-
perature of the base fluid. Furthermore, there are some other
mechanisms which affect the thermo-physical properties of
nanofluids such as the method of synthesis and sonication
time. Moreover, Brownian motion and thermophoresis effects
are the mass transfer mechanisms which also influence the con-
vective heat transfer performance of nanofluids [8,9].
In his benchmark study, Buongiorno [10] has reported
seven possible mechanisms associating nanofluid natural con-
vection through moment of nanoparticles in the base fluid
using scale analysis. These mechanisms are nanoparticle size,
inertia, particle agglomeration, Magnus effect, volume fraction
of the nanoparticle, Brownian motion and thermophoresis.
Among all the mechanisms Brownian motion and ther-
mophoresis are found to be very important. The thermophore-
sis acts against temperature gradient, so that, the particles
move from the region of higher temperature to the region of
lower temperature. Also, Brownian motion tends to move
the particles from higher concentration areas to the lower con-
centration areas. Chandrasekhar et al. [11] have analyzed the
dynamic viscosity and thermal conductivity of water–Al2O3
based nanofluid by dispersing spherical alumina powder
nanoparticles of size 43 nm in the water, and then sonicated
the nanofluid for 6 h. The dynamic viscosity was measured
by using the Brookfield cone and plate viscometer. The ther-
mal diffusivity was calculated with the help of hot wire
method. In this experiment they [11] noticed that the values
of dynamic viscosity and thermal conductivity both enhance
as the values of nanoparticle volume fraction increase. Esfe
et al. [12] analyzed the thermal conductivity and dynamic vis-
cosity of MgO–water based nanofluids at room temperature.
The spherical shape nanoparticles powder of size 40 nm was
dispersed in the water using the ultrasonic waves. The dynamic
viscosity and thermal conductivity are calculated by using
Brookfield viscometer and hot wire method, respectively. The
results reveals that, as the values of nanoparticles volume frac-
tion enhance the values of dynamic viscosity and thermal con-
ductivity also enhance. Agarwal et al. [13] have presented the
impact of size of nanoparticles (21 nm, 44 nm) on thermal con-
ductivity and the dynamic viscosity of kerosene–Al2O3 based
nanofluid. The results suggested that when the size of nanopar-
ticles is 21 nm the thermal conductivity and dynamic viscosity
were higher than when the size of nanoparticles is 44 nm.
Nield and Kuznetsov [14] have extended the work of Buon-
giorno [10] to the natural convection boundary layer heat
transfer of nanofluid through a porous medium. Kuznetsov
and Nield [15] have discussed the influence of Brownian
motion and thermophoresis on nanofluid natural convection
boundary layer flow over a vertical plate. Aziz and Khan
[16] have presented nanofluid natural convection boundary
layer flow over a vertical plate subject to the convective bound-
ary conditions. Chamkha et al. [17] studied the mixed convec-
tion MHD flow of a nanofluid past a stretching permeable
surface in the presence of Brownian motion and thermophore-
sis effects. Rashidi et al. [18] discussed the dynamics of nano-
fluid from a non-linearly stretching sheet with transpiration
using Homotopy simulation. Noghrehabadi and Behseresht
[19] have analyzed how flow and heat transfer are affected
by variable properties of nanofluid over a vertical cone satu-
rated in a porous medium. Chamkha et al. [20] have discussedthe mixed convection flow about vertical cone through porous
medium saturated by a nanofluid with thermal radiation. In
addition, Gorla et al. [21] have studied nanofluid natural con-
vection boundary layer flow through porous medium over a
vertical cone. Chamkha et al. [22] have investigated Non-
Newtonian nanofluid natural convection flow over a cone
through porous medium with uniform heat and volume frac-
tion fluxes. Cheng [23] has presented double-diffusive natural
convection heat and mass transfer of a porous media saturated
nanofluid over a vertical cone. Behseresht et al. [24] have dis-
cussed heat and mass transfer characteristics of a nanofluid
over a vertical cone using practical range of thermo-physical
properties of nanofluids. Recently, Ghalambaz et al. [25] have
analyzed the influence of nanoparticle diameter and concentra-
tion on natural convection heat and mass transfer of Al2O3–
water based nanofluids over a vertical cone. Noghrehabadi
et al. [26–28] have analyzed the natural convection of nanoflu-
ids over a stretching sheet by taking partial slip boundary con-
ditions and prescribed constant wall temperature, vertical plate
by taking heat generation/absorption and partial slip respec-
tively. Teamah et al. [29] have presented augmentation of
MHD natural convection heat transfer in square cavity by uti-
lizing nanofluids by taking heat source into the account. Tea-
mah [30] and Mohamed et al. [31] have analyzed boundary
layer natural convective double-diffusive flow over rectangular
enclosure by taking magnetic field and heat source. Qasim [32]
has presented the effect of heat source/sink on heat and mass
transfer analysis of Jeffery fluid past a stretching sheet. Das
et al. [33] have reported the influence of thermal radiation on
unsteady boundary layer flow of a nanofluid over a stretching
sheet. Nandy et al. [34] have examined unsteady flow and heat
transfer analysis of nanofluid over a permeable shrinking sheet
with radiation. Das et al. [35] have discussed the impact of
radiation on natural convection MHD flow of nanofluid over
a moving vertical plate. Danial and Daniel [36] presented
MHD flow over a stretching sheet through porous medium
under the sway of buoyancy and radiation. Sudarsana Reddy
and Suryanarayana Rao [37] have presented natural convec-
tion boundary layer heat and mass transfer characteristics of
Al2O3–water and Ag–water nanofluids over a vertical cone.
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on the concentration of nanoparticles is taken as the analogous
of the temperature. This means that the concentration of
nanoparticles is actively controlled on the surface of the wall
by taking a constant volume fraction. However, it is no longer
possible to control the concentration of nanoparticles actively
at the surface of the wall. This attracted many researchers to
change the boundary condition at the surface of the wall.
Kuznetsov and Neild [38] has presented natural convection
boundary layer flow of a nanofluid past a vertical plate. In this
paper they have proposed a new enhanced boundary condition
for the volume fraction of nanoparticles at the surface of the
wall. As the surface of the cone is impermeable, the
nanoparticles cannot cross the surface of the cone, and hence,
the mass flux of the nanoparticles at the surface is zero.
Furthermore, the nanoparticles volume fraction on the bound-
ary is passively controlled rather than actively controlled and
this model is physically more realistic than the works published
previously.
An inspection of the existing studies has suggested that, to
the best of author’s knowledge, no studies have been
reported in the literature to study natural convection bound-
ary layer flow, heat and mass transfer characteristics of a
nanofluid through porous media over a vertical cone under
the revised boundary conditions influenced by the size,
shape, type of nanofluid as well as working temperature
and type of the base fluid. Hence, the problem is addressed
in this article. The objective of the present work was to solve
this problem numerically using the finite element method and
how the natural convection heat transfer of the nanofluids is
affected by the different aspects such as size, shape, type of
nanofluid as well as type and working temperature of the
base fluid.2. Mathematical formulation
Fig. 1 demonstrates a two-dimensional, study-state, electrically
conducting heat and mass transfer boundary layer flow of
nanofluid over a vertical cone. The coordinate system is chosen
as the x-axis is coincident with the flow direction over the cone
surface. It is assumed that Tw, and /w are the temperature and
nanoparticle volume fraction at the surface of the cone (y= 0)
and T1 and /1 are the temperature and nanoparticle volume
fraction of the ambient fluid, respectively. An external mag-
netic field of strength B0 is applied in the direction of y-axis.
Generally, the viscosity and thermal conductivity are consid-
ered as the function of temperature of the fluid. In the present
analysis, we have considered nanofluid as the working fluid,
and viscosity and thermal conductivity are functions of volume
fraction of nanoparticles. By considering the works [38] and
Buongiorno [10] and applying the usual boundary layer
approximations, the governing equations describing the
steady-state conservation of mass, momentum, energy as well
as conservation of the mass nanoparticles in the presence of
magnetic parameter and other important parameters take the
following form:
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The boundary conditions based on the problem description
are as follows:
unf ¼ 0; vnf ¼ 0; Tnf ¼ Tw; jp ¼ 0 at y ¼ 0 ð5Þ
unf ! 0; Tnf ! T1; /! /1 at y!1 ð6Þ
where jp ¼ DBr/DT rTT , is the drift-flux model of
nanoparticles. Furthermore, the concentration boundary con-
dition at y ¼ 0 is taken as jp ¼ 0. This is because of the fact
that, the nanoparticles cannot cross the surface of the cone
as the surface of the cone is impermeable.
The continuity Eq. (1) is satisfied by introducing a stream
function w as
u ¼ 1
r
@w
@y
; v ¼  1
r
@w
@x
ð7Þ
The following similarity transformations are introduced to
simplify the mathematical analysis of the problem:
g ¼ y
x
Ra1=4x ; fðgÞ ¼
w
amRa
1=4
x
;
hðgÞ ¼ Tnf  T1
Tw  T1 ; SðgÞ ¼
/ /1
/1
ð8Þ
where Rax is the local Rayleigh number and is defined as
Rax ¼
gbbfqbfðTnf  T1Þx3Cosc
lbfabf
ð9Þ
and r can be approximated by the local radius of the cone, if
the thermal boundary layer is thin, and is related to the x coor-
dinate by r ¼ x sinc.
The thermal conductivity and dynamic viscosity of nanoflu-
ids are the linear function of nanoparticle volume fraction and
are defined as follows [10,39]:
knf
kbf
¼ 1þNc/; lnf
lbf
¼ 1þNv/ ð10Þ
Now, with the support of similarity variables (8) and (10)
the governing non-linear partial differential Eqs. (2)–(4)
together with boundary conditions (5) and (6) take the follow-
ing form:
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f 0f 00  1
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The transformed boundary conditions are
g ¼ 0; f ¼ 0; f 0 ¼ 1; h ¼ 1; NbS0 þNth0 ¼ 0:
g!1; f 0 ¼ 0; h ¼ 0; S ¼ 0: ð14Þ
where prime denotes differentiation with respect to g. In some
practical situations the nanofluid flow simulation is strongly
influenced by the thermophoresis force, so we could not elim-
inate this term from the zero mass flux boundary condition of
nanoparticles NbS0 þNth0 ¼ 0. In these cases we have to
adjust the nanoparticles volume fraction at the surface of the
cone, but it leads to the negative value for the volume fraction
of nanoparticles. In this case, the zero mass flux boundary con-
dition of nanoparticles at the surface is replaced with the zero
volume fraction of nanoparticles (i.e. S0 ¼ 1Þ:
The significant thermo-physical parameters dictating the
flow dynamics are defined by
Nr ¼ ðqp  qbfÞ/1
bbfqbfðTw  T1Þ
; A1 ¼
qbf
qnf
; A2 ¼
ðqcÞbf
ðqcÞnf
;
Pr ¼ lbf
qbfabf
; K1 ¼ x
2
KRa1=2x
;
M ¼ rb
2
ox
2
Ra1=2x lbf
; Nb ¼ ðqcÞpDB/1ðqcÞnfabf
;
Nt ¼ ðqcÞpDTðTw  T1ÞðqcÞnfabfT1
; Le ¼ abf
DB
:
Quantities of practical interest in this problem are the local
Nusselt number Nux, and enhancement ratio
hnf
hbf
 
, and these
are defined as
Nux ¼ hnfw
hbf
h0nfð0ÞRa
1
4
x;
hnf
hbf
¼ 1þ /1Ncð1þ Sð0ÞÞð Þ
h0nfð0Þ
h0bfð0Þ
:
The set of ordinary differential Eqs. (11)–(13) are highly
non-linear, and therefore cannot be solved analytically. The
finite-element method [43–45] has been implemented to solve
these non-linear equations. The very important aspect in this
numerical procedure is to select an approximate finite value
of g1. So, in order to estimate the relevant value of g1, the
solution process has been started with an initial value of
g1 ¼ 4, and then the Eqs. (11)–(13) are solved together with
boundary conditions (14). We have updated the value of g1
and the solution process is continued until the results are not
affected with further values of g1 The choice of
gmax ¼ 4; gmax ¼ 16 and gmax ¼ 6 for velocity, temperature
and concentration has confirmed that all the numerical
solutions approach to the asymptotic values at the free stream
conditions.3. Numerical method of solution
The finite-element method (FEM) is such a powerful method
for solving ordinary differential equations and partial differen-
tial equations. The basic idea of this method is dividing the
whole domain into smaller elements of finite dimensions called
finite elements. This method is such a good numerical method
in modern engineering analysis, and it can be applied for solv-
ing integral equations including heat transfer, fluid mechanics,
chemical processing, electrical systems, and many other fields.
The steps involved in the finite-element are as follows:
(i) Finite-element discretization.
(ii) Generation of the element equations.
(iii) Assembly of element equations.
(iv) Imposition of boundary conditions.
(v) Solution of assembled equations.
The assembled equations so obtained can be solved by any
of the numerical techniques, namely, the Gauss elimination
method, LU decomposition method, etc. An important consid-
eration is the shape functions which are employed to approx-
imate actual functions.
4. Results and discussion
The system of Eqs. (11)–(13) together with the boundary condi-
tions (14) are solved for different values of the parameters that
describe the flow characteristics and the results are illustrated
graphically and in tabular form. Numerical solution of the
problem has been carried out for fixed /1 ¼ 3%, and variations
in size, shape, type of nanofluids and type of base fluid, working
temperature of the base fluid are shown in Table 1. In the pre-
sent study, we have taken two types of nanofluids (Al2O3,
TiO2), two sizes (21 nm, 44 nm), spherical shape of nanoparti-
cle, two base fluids (water, kerosene), and working temperature
of base fluid (25 C), as listed in Table 2 (case 1 & case 2). The
comparison with previously published work is made and shown
in Fig. 2. The thermo-physical properties of water and
nanoparticles is shown in Table 3. The velocity, temperature
and volume fraction distributions of nanoparticles are calcu-
lated for various values of the parameters entered into the prob-
lem and are presented graphically in Figs. 3–18.
The effect of magnetic field parameter (M) on the boundary
layer flow, heat and mass transfer is depicted in Figs. 3–5 for
the two cases C1 (case 1) and C2 (case 2). The velocity profiles
impede throughout the boundary layer with the increase in the
strength of magnetic parameter for both cases. This is due to
the fact that the presence of a magnetic field in the flow creates
a force known as the Lorentz force which acts as a retarding
force and consequently, the momentum boundary layer thick-
ness decelerates throughout the flow region (Fig. 3). We define
the thermal energy as the additional force which drags the
nanofluid from the influence of the magnetic field. This addi-
tional force increases the thickness of the thermal boundary
layer, so that the temperature profile enriches with rise in M
and is higher in C2 than in C1 (Fig. 4). From Fig. 5, we have
noticed that as the value ofM increases, the volume fraction of
nanoparticles distributions is also enriched in the flow regime
in the both nanofluids.
Table 1 Thermo-physical properties of water and kerosene [40,41].
Type Temperature
(C)
Density
(kg/m3)
Specific heat capacity
(J/kg K)
Volume thermal expansion
(1/K)  104
Dynamic viscosity
(Pa s)
Thermal conductivity
(W/m2 K)
Prandtl
Water 25 997.05 4181.4 2.253 8.93 0.606 6.161
Kerosene 25 790 2010.0 10.00 14.11 0.101 28.10
Table 2 The non-dimensional parameters for different samples of nanofluids.
Case Temperature Type Base fluid Size (nm) Shape qbf/qnf (qc)bf/(qc)nf
1 (C1) 25 TiO2 Water 21 Spherical 0.9108 1.0089
2 (C2) 25 Al2O3 Kerosene 44 Spherical 0.8929 0.9731
Figure 2 Comparison with previously published work.
M=0.1, 0.4, 0.8
Nc=1.0, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
Solid Line : Water    Tio 2 (21 nm)
Dashed Line : Kerosene  Al2o 3 (44 nm)
1 2 3 4
0.2
0.4
0.6
0.8
1.0
f
Figure 3 Effect of M on velocity profiles.
M=0.1, 0.4, 0.8
Nc=1.0, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
Solid Line : Water  - Tio2 (21 nm)
Dashed Line : Kerosene - Al2o3 (44 nm)
5 10 15
0.2
0.4
0.6
0.8
1.0
Figure 4 Effect of M on temperature profiles.
336 P. Sudarsana Reddy, A.J. ChamkhaFigs. 6 and 7 depict velocity (f0Þ and temperature (h) distri-
butions for different values of the buoyancy ratio parameter
(Nr). From Fig. 6 we have noticed retardation in the thickness
of hydrodynamic boundary layer in both the cases C1 and C2
with the higher values of (Nr). The temperature profiles of the
both fluids increase with increasing values of buoyancy ratio
parameter (Nr). This is from the reality that higher values of
buoyancy ratio parameter enhance the temperature of the both
fluids, so that thermal boundary layer thickness is increased
and is higher in C2 than in C1 (Fig. 7). Figs. 8–10 illustrate
the influence of variable viscosity parameter (Nv) on the
dimensionless velocity (f0Þ, temperature (h) and volume frac-
tion (S) distributions of nanoparticles for two cases C1 and
C2. Higher values of (Nv) mean more dependency of dynamic
viscosity on volume fraction of nanoparticles. From Fig. 8, we
noticed that a rise in variable viscosity parameter (Nv) enriches
the velocity profiles in the boundary layer regime in the both
cases. It is observed that the temperature distributions retard
with increasing values of Nv (Fig. 9). This is because of the fact
that the thickness of the thermal boundary layer is reduced as
the values of Nv increase. However, the nanoparticle volume
fraction profiles enrich with the higher values of Nv in both
the cases C1 and C2 (Fig. 10).The non-dimensional distributions of velocity (f0Þ,
temperature (h) and nanoparticles volume fraction (S) are
depicted in Figs. 11–13 for different values of variable thermal
Nc=1.0,Nr=0.5,Nb=0.5,
Nt=0.5,Le=3.0,Nv=20.0.
M=0.1,0.4,0.8
Solid Line : Water Tio2 (21 nm)
Dashed Line : Kerosene Al2o3 (44 nm)
2 4 6 8 10
1.5x10 6
1.x10 6
5.x10 7
5.x10 7
1.x10 6
1.5x10 6
Figure 5 Effect of M on concentration profiles.
Nr = 0.01, 0.6, 1.2
Nc=1.0, M=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
1 2 3 4
0.2
0.4
0.6
0.8
1.0
f
Figure 6 Effect of Nr on velocity profiles.
Nr = 0.01, 0.6, 1.2
Nc=1.0, M=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
5 10 15
0.2
0.4
0.6
0.8
1.0
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 7 Effect of Nr on temperature profiles.
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nc=1.0. 
Nv = 5.0,10.0,20.0
0.5 1.0 1.5 2.0 2.5 3.0
0.2
0.4
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Figure 8 Effect of Nv on velocity profiles.
Nv = 5.0,10.0,20.0
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nc=1.0. 
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Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 9 Effect of Nv on temperature profiles.
Influence of base fluid on natural convection MHD of nanofluids 337conductivity parameter (Nc). It is confirmed from Figs. 11 and
12 that both hydrodynamic and thermal boundary layer thick-
nesses are enriched in the two cases C1 and C2 with the
improving values of (Nc). This is because of the reality that
the thermal conductivity of nanofluid increases near the cone
surface as the values of (Nc) increase, so that the temperature
profiles elevate. Temperature of the nanofluid is increasing
means the buoyancy force is increasing; consequently, the
velocity of the nanofluid enhances in flow regime. It is evident
from Fig. 12 that there is significant heat transfer enhancement
in the boundary layer regime when the size of nanoparticles
reduces. The magnitude of nanoparticle volume fraction con-
centration profiles also elevates with the higher values of
(Nc) as shown in Fig. 13.
Variation of non-dimensional temperature and volume
fraction distributions for different values of thermophoretic
parameter (Nt) for the cases C1 and C2 is depicted in Figs. 14
and 15. It is noticed from these figures that both temperature
Nv = 5.0,10.0,20.0
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nc=1.0.
2 4 6 8 10 12
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Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 10 Effect of Nv on concentration profiles.
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
Nc = 0.1,2.0,4.0
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0.2
0.4
0.6
0.8
1.0
f
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 11 Effect of Nc on velocity profiles.
Nc = 0.1, 2.0, 4.0
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0. 
5 10 15
0.2
0.4
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Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 12 Effect of Nc on temperature profiles.
Nc = 0.1,2.0,4.0
M=0.5, Nr=0.5, Nb=0.5,
Nt=0.5, Le=3.0, Nv=20.0.
2 4 6 8 10 12
1.x10 6
1.x10 6
2.x10 6
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 13 Effect of Nc on concentration profiles.
Nt = 0.1, 0.3, 0.5
Nc=1.0, M=0.5, Nb=0.5,
Nr=0.5, Le=3.0, Nv=20.0. 
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Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 14 Effect of Nt on temperature profiles.
338 P. Sudarsana Reddy, A.J. Chamkhaand concentration profiles elevate in the boundary layer region
with the higher values of thermophoretic parameter (Nt) and
are more in the case C2 than in the case C1. This is from the
reality that particles near the hot surface create thermophoretic
force; this force enhances the temperature and concentration
of the fluid in the boundary layer region.
The effect of Brownian motion parameter (Nb) on temper-
ature and nanoparticle volume fraction profiles is illustrated in
Figs. 16 and 17 for C1 and C2 cases. Brownian motion is the
random motion of suspended nanoparticles in the base fluid
and is more influenced by its fast moving atoms or molecules
in the base fluid. It is worth to mention that Brownian motion
is related to the size of nanoparticles and is often in the form of
agglomerates and/or aggregates. It is noticed that, with the
increasing values of Brownian motion parameter (Nb) temper-
ature as well as volume fraction of nanoparticle profiles dete-
riorates in the boundary layer regime and this reduction is
more in C1 than the C2. The impact of the Lewis number
(Le) on nanoparticle volume fraction profiles is plotted in
Fig. 18. It is observed that nanoparticle volume fraction
distributions decelerate with the increasing values of the Lewis
Table 3 Thermo-physical properties of water and nanoparti-
cles [42].
Nanofluid q kg
m3
 
Cp
J
kg K
 
k WmK

 
bð106 1K

 Þ a m2s 
Alumina (Al2O3) 3970 765 40 17.4 1.310
Titanium oxide (TiO2) 4250 686.2 8.9538 12.2 0.286
Nt = 0.1,0.3,0.5
Nc=1.0, M=0.5, Nb=0.5,
Nr=0.5, Le=3.0, Nv=20.0.
2 4 6 8 10 12
1.x10 6
1.x10 6
2.x10 6
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 15 Effect of Nt on concentration profiles.
Nb = 0.3, 0.6, 0.9.
Nc=1.0, M=0.5, Nt=0.5,
Nr=0.5, Le=3.0, Nv=20.0. 
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Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 16 Effect of Nb on temperature profiles.
Nb = 0.3,0.6,0.9
Nc=1.0, M=0.5, Nt=0.5,
Nr=0.5, Le=3.0, Nv=20.0
2 4 6 8 10 12
4.x10 6
2.x10 6
2.x10 6
4.x10 6
6.x10 6
8.x10 6
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 17 Effect of Nb on concentration profiles.
Le = 4.0,4.5,5.0.
Nc=1.0, M=0.5, Nt=0.5,
Nr=0.5, Nb=0.5, Nv=20.0.
2 4 6 8 10
1.x10 6
1.x10 6
2.x10 6
Solid Line : Water    Tio2 (21 nm)
Dashed Line: Kerosene  Al2o3 (44 nm)
Figure 18 Effect of Le on concentration profiles.
Influence of base fluid on natural convection MHD of nanofluids 339number in the entire boundary layer region. By definition, the
Lewis number represents the ratio of the thermal diffusivity to
the mass diffusivity. Increasing the Lewis number means a
higher thermal diffusivity and a lower mass diffusivity, and
this produces thinner concentration boundary layer.
The rates of heat transfer ðh0ð0ÞÞ and the enhancement
ratio ðhnf
hbf
Þ for different values of the non-dimensional parame-
ters are exhibited in Table 4. It is evident from this table that
the rates of heat transfer and enhancement ratio both depreci-
ate with the higher values of magnetic field parameter (M) in
both the cases C1 and C2. The Nusselt number (Nux) and
the enhancement ratio both decelerate with the improving val-
ues of thermophoresis parameter (Nt) in both the nanofluids.
It is clear from this table that as the magnitude of Brownian
motion parameter (Nb) increases the heat transfer rates and
enhancement ratio also increase in both the nanofluids.
The Nusselt number (Nux) and the enhancement ratio both
decrease with the higher values of thermal conductivityparameter (Nc) for both the cases C1 and C2. However, exact
reverse trend is noticed in the rates of heat transfer and
enhancement ratio parameter with the increasing values of
thermal conductivity parameter (Nc).
Table 4 The Nusselt number (h0ð0ÞÞ and enhancement ratio hnf
hbf
 
values for different values of M, Nt, Nb, Nc, Nv.
Parameter h0ð0Þ hnf
hbf
 
M Nt Nb Nc Nv Al2O3 TiO2 Al2O3 TiO2
0.1 0.5 0.5 1.0 20 0.301337 0.363297 1.129417 1.196095
0.4 0.5 0.5 1.0 20 0.297327 0.352582 1.118166 1.181737
0.8 0.5 0.5 1.0 20 0.291259 0.339089 1.104735 1.163435
0.5 0.1 0.5 1.0 20 0.340654 0.394980 1.161093 1.218679
0.5 0.3 0.5 1.0 20 0.326877 0.369790 1.135148 1.191977
0.5 0.5 0.5 1.0 20 0.293388 0.345664 1.110992 1.166403
0.5 0.5 0.3 1.0 20 0.282952 0.334240 1.201234 1.154294
0.5 0.5 0.6 1.0 20 0.295884 0.348280 1.213637 1.169177
0.5 0.5 0.9 1.0 20 0.312587 0.352406 1.217906 1.173550
0.5 0.5 0.5 0.1 20 0.323644 0.346928 1.173312 1.130191
0.5 0.5 0.5 2.0 20 0.295129 0.327291 1.153423 1.105841
0.5 0.5 0.5 4.0 20 0.269809 0.307113 1.134564 1.080820
0.5 0.5 0.5 1.0 5.0 0.261236 0.312242 1.121895 1.184745
0.5 0.5 0.5 1.0 10 0.273659 0.321967 1.137203 1.196726
0.5 0.5 0.5 1.0 20 0.293243 0.337473 1.161334 1.215834
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The natural convection boundary layer heat and mass transfer
characteristics of nanofluids over a vertical cone is analyzed by
taking two types of nanoparticles, two sizes of nanoparticles,
spherical shape of nanoparticles, two base fluids and its work-
ing temperature and the influence of magnetic field. Three
important affective parameters dynamic viscosity, thermal
conductivity and enhancement ratio are considered in this
problem. The new enhanced zero mass flux boundary condi-
tion of nanoparticles at the surface of the cone was effectively
utilized. The similarity transformation approach was applied
to convert the governing equations into the set of ordinary dif-
ferential equations. These equations are solved using finite ele-
ment method and results are shown in graphically as well as in
tabular form. The following conclusions are made in the pre-
sent study:
(i) Figs. 12 and 14 clearly indicate that there is significant
heat transfer enhancement in the boundary layer regime
as the size of nanoparticles decreases. Therefore, the
nanoparticles with smaller sizes influenced the heat
transfer enhancement of the fluid than the nanoparticles
with higher sizes.
(ii) Type of nanoparticles also plays very important role in
natural convection heat transfer enhancement. It is evi-
dent from Fig. 9 that the natural convection heat trans-
fer retardation is more when TiO2 nanoparticles are
dispersed in water than the Al2O3 nanoparticles that
are dispersed in kerosene.
(iii) The heat transfer enhancement is higher in kerosene–
Al2O3 (44 nm) than in the water–TiO2 (21 nm) with
the increasing values of (Nc).
(iv) The thickness of the hydrodynamic boundary layer for
water–TiO2 (21 nm) is significantly lower than that for
the kerosene–Al2O3 (44 nm) with higher values of (Nv).
(v) The thickness of the thermal boundary layer for
water–TiO2 (21 nm) is significantly higher than that for
the kerosene–Al2O3 (44 nm) with higher values of (Nv).(vi) Both temperature and concentration profiles elevate as
the values of thermophoretic parameter (Nt) increase
in the boundary layer regime.
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